In this paper a nonlinear analysis of nanotube based nano
Introduction
Nano-electromechanical systems ͑NEMS͒ are attracting significant attention because of their properties to enable superior electronic computing and sensing. By exploiting nanoscale effects, NEMS present interesting and unique characteristics. For instance, NEMS based devices can have an extremely high fundamental mechanical oscillation frequency ͓1-4͔, while preserving a robust mechanical response ͓5͔. Several NEMS applications have been proposed, such as mass sensors ͓6͔, rf resonators ͓6͔, field effect transistors ͓7͔ and electrometers ͓8͔. Carbon nanotubes ͑CNTs͒ have long been considered ideal building blocks for NEMS devices due to their superior electromechanical properties. CNT-based NEMS reported in the literature include nanotweezers ͓9,10͔, nonvolatile random access memory devices ͓11͔, nanorelays ͓12͔, rotational actuators ͓13͔ and recently proposed feedback-controlled nanocantilever NEMS devices ͓14͔. All these reported devices can be simply modeled as CNT cantilevers or fixed-fixed CNTs hanging over an infinite conductive substrate. In order to design a functional NEMS device, its electromechanical characteristic should be well quantified in advance. During the past years, a lot of progress has been achieved in regard to the modeling of CNT-based nano-devices ͓15͔. Generally, sufficiently large diameter multiwalled carbon nanotubes ͑MWNTs͒, i.e., with diameters of ϳ20 nm and higher, can be modeled to a good approximation as homogeneous cylindrical beams and perfect conductors, meaning that quantum effects and finite scale charge distribution are negligible at this dimension ͓16͔. Three main types of forces have to be considered in the modeling of the electromechanical characteristic of CNT-based NEMS devices: the elastic forces, the electrostatic forces, and the van der Waals forces arising from the atomic interactions. For the elastic restoring forces, the classical continuum mechanics theory is applicable to CNT devices as demonstrated by molecular dynamics simulation ͓15͔. The electrostatic forces are typically computed by using a capacitance model ͓17͔, so that a precise modeling of the capacitance of CNTs is a key issue in their description. We discuss this point, emphasizing the role of charge concentration at the tip of cantilever nanotubes, based on classical electrostatics. For the van der Waals forces, a continuum model based on Lennard-Jones potential theory was employed in the literature ͓15͔. The effect of the van der Waals force on the performance of the CNT devices could be significant in the case of small gaps between nanotube and substrate or for sufficiently long nanotubes ͓14,15͔. Another important but typically omitted effect in the modeling of nanodevices is finite kinematics, which accounts for large displacements. Note that for doubly clamped nanotubes, a dramatic increase in the elastic energy stored in the nanotube is expected as a consequence of the stretching imposed by the rope-like behavior. In this paper, we investigate the electromechanical characteristics of singly and doubly clamped CNT-based NEMS, as illustrated in Fig. 1 : a biased MWNT cylinder of length L, placed above an infinite ground plane, at a height H. The inner radius and outer radius of MWNT are R int and R ext , respectively. The applied voltage between nanotube and substrate is V.
The paper is organized as follows. First, an analysis of the charge distribution arising from the electrostatic field is presented. The nonlinear elastic line equation is then derived. This equation is integrated numerically and compared to analytical predictions
Analysis of Charge Distribution
During the past years, significant progress has been made in regard to the computation of the charge distribution along finitelength nanotubes. For conductive nanotubes, essentially classical distribution of charge density with a significant charge concentration at the tube end has been observed ͓18-20͔. Recently a model based on three-dimensional electrostatic calculations has been proposed in ͓21͔ to describe the charge distribution along finite length MWNTs cylinder, in particular, the concentrated charges at the tube ends. Figure 2 shows the charge distribution along the length of a freestanding nanotube of length L, subjected to a bias voltage of 1 V. The contour plot shows the charge density ͑side view͒, while the curve shows the charge per unit length along the nanotube. The calculation is performed using the CFD-ACEϩ software ͑a commercial code from CFD Research Corporation based on finite and boundary element methods͒. The calculations and model reported in ͓21͔ are valid as long as the conductive nanotube radius, R ext , is larger than ϳ10 nm, and the length of the tube, L, is much larger than H and R ext . In these cases quantum effects and size-limit effects in the charge distribution can be considered negligible ͓21͔.
The capacitance per unit length along the cantilever nanotube, under moderate deflections, is approximated as ͓21͔
where the first term in the bracket accounts for the uniform charge along the side surface of the tube and the second term, f c , accounts for the concentrated charge at the end of the tube; x = x tip L, as a result of the finite kinematics; ␦͑x͒ is the Dirac distribution function. C d ͓r͑x͔͒ is the distributed capacitance along the side surface per unit length for an infinitely long tube, which is given by ͓17͔
where r is the distance between the lower fiber of the nanotube and the substrate, and 0 is the permittivity of vacuum ͑ 0 = 8.854ϫ 10 −12 C 2 N −1 m −2 ͒. Thus, the electrostatic force per unit length of the nanotube is given by differentiation of the energy as follows:
In the above equation r͑x͒ = H − w͑x͒, with w being the deflection and V the bias voltage.
Nonlinear Elastic Line Equations
3.1 Singly Clamped Nanotube. The deflection of a cantilver nanotube under electrostatic force and van der Waals force is shown in Fig. 3 . The electrostatic force per unit area remains perpendicular to the outer surface of the nanotube under finite kinematics as imposed by the electrical field. The electrostatic force per unit length of the cylinder is also perpendicular to the cylinder axis. Here we ignore the force applied to the end surface of the cantilever.
Accordingly, if we just consider the bending of the cantilever, the governing equation of the elastic line under finite kinematics is ͓22͔
where E is the Young modulus, I = ͑R ext 4 − R int 4 ͒ / 4 is the moment of the inertia of the nanotube; q vdw is the van der Waals force ͑per unit length͒ between the nanotube and the substrate and can be evaluated by the method reported in ͓15͔, assuming the substrate consists of 30 graphite layers. Equation ͑4͒ represents the elastic line equations for a nanotube under finite kinematics. As a consequence of the large flexibility of the nanotube, it remains in the elastic regime. Equation ͑4͒ clearly represents a more accurate description of the elastic behavior of nanotubes, than the more common equation assuming small displacements, i.e., dw / dx Ӷ 1 3.2 Doubly Clamped Nanotube. For a doubly clamped nanotube, stretching becomes significant as a consequence of the rope-like behavior of a fixed-fixed nanotube subjected to finite kinematics shown in Fig. 4 . A tension T in the nanotube has to be introduced, so that the elastic line equation becomes ͓22͔
The tension T is related to the axial strain , namely ͓23͔,
where A is the cross-sectional area of the nanotube. Combining Eqs. ͑6͒ and ͑7͒, we can obtain the governing elastic line equation for the equilibrium position as
͑8͒
Here the electrostatic force per unit length q elec is given by Eq. ͑3͒ setting f c = 0, since the tip charge concentration for this boundary condition does not take place.
If dw / dx Ӷ 1, the classical equation for small displacements, Eq. ͑5͒, which neglects the stretching of the nanotube, is again recovered. In addition, for moderately finite kinematics: ͑dw / dx͒ 2 Ӷ 1, so that Eq. ͑8͒ becomes 
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Nonlinear Numerical and Theoretical Pull-In Voltage Predictions
Solving numerically the previous nonlinear equations for singly, and doubly clamped nanotube NEMS devices by direct integration ͑Eqs. ͑4͒ and ͑5͒͒ and finite difference method ͑Eqs. ͑5͒ and ͑9͒͒, respectively, the pull-in voltage corresponding to the nanotube collapsing onto the ground substrate can be predicted. This parameter is key in an optimal device design, corresponding to the transition between open and close states in applications such as nano-switches, nano-tweezers, etc.
The computed results are reported in Figs. 5-9 for doubly clamped and in Figs. 10 and 11 for singly clamped nanotube devices. Unless otherwise specified we have considered R ext =10 nm, R int =0, E = 1 TPa, H = 100 nm, and for fixed-fixed nanotube L = 3000 nm, whereas for cantilever nanotube L = 500 nm. In Fig. 5 , the elastic lines of the nanotube under a difference in the electrostatic potential of 5 V are reported. The solid line corresponds to the finite kinematics case while the dash line corresponds to the small deformations case. The role of stiffening due to the rope-like behavior is quite remarkable. In Fig. 6 the central deflection of the nanotube as a function of the applied voltage is reported for both cases, i.e., with and without stretching. The two vertical lines correspond to the reaching of the pull-in voltages. In Figs. 7 and 8 similar results considering different lengths and radii are reported for both cases. Again, the role of the stretching has been found not negligible. The effect of H on the pull-in voltage is illustrated in Fig. 9 . It is interesting to note that when H changes from 100 to 200 nm the pull-in voltage more than quadruples.
For the cantilevered nanotube, the displacement of the tip as a function of the applied voltage is reported in Fig. 10 . In this figure, the effect of the finite kinematics is shown. As expected, the role of the finite kinematics becomes less significant than for the doubly clamped boundary condition. The pull-in voltages ͑insta-bilities͒ correspond to the vertical lines. Both numerical solutions reported in Fig. 10 consider the charge concentration at the tip of the cantilever nanotube. Figure 11 shows the error in the pull-in voltage, if the charge concentration is ignored. It is inferred that the error can be appreciable.
Recently, analytically derived formulas to compute the pull-in voltage, corresponding to the approximated solutions of the previous nonlinear equations, have been obtained equating to zero the first two derivatives ͑related to equilibrium and instability͒ of the free energy of the system ͓24,25͔. Because devices of interest have gaps in the range of 0.1-1 m, achievable with currently available manufacturing techniques, the effect of van der Waals force is negligible before pull-in happens ͓15͔. Thus, we consider cases in which q vdw Ϸ 0 in the analytical analysis ͓24͔ and in the comparison between numerical and analytical predictions. Accordingly, the pull-in voltages for singly ͑S͒ clamped NEMS devices can be computed as
Subscripts S refer to single clamped boundary conditions. Superscript FK refers to finite kinematics. Moreover, taking into account the additional energy concentrated at the tip of the cantilever nanotube and following the method described in ͓24͔, one finds the additional corrective term for the charge concentration at the tip, according to Eq. ͑1͒, as
For doubly ͑D͒ clamped NEMS devices, the pull-in voltage can be expressed as
Subscripts D refer to double clamped boundary conditions; c PI is the central deflection of the nanotube at the pull-in, and the ͕a ij ͖ in Eq. ͑11c͒ are known constants ͓25͔.
From the Figs. 6-10 numerically predicted pull-in voltages can be obtained. We compare these results with the theoretical predictions resulting from Eqs. ͑10͒ and ͑11͒. Note that the comparison does not involve a best fit parameter. The results are reported in Table 1 . Columns six and seven in Table 1 compare analytical and numerical pull-in voltage predictions under the assumption of small deformations. The agreement is good ͑with a maximum discrepancy of 5%͒. Columns eight and nine in Table 1 compare analytical and numerical pull-in voltage predictions under the assumption of finite kinematics.
Conclusions
In this paper a nonlinear analysis for singly and doubly clamped nanotube based nano-electromechanical system ͑NEMS͒ devices has been reported. Assuming Continuum Mechanics, the complete nonlinear equation of the elastic line of the nanotube is first derived and then numerically solved for the two considered boundary conditions. The analysis emphasizes the important role of the nonlinear effects in the prediction of the pull-in voltage, a key design parameter corresponding to the switching between the on/ off states of the device. Moreover, the nonlinear analysis, neglected in previous studies, shows that finite kinematics resulting in stretching, significantly influences the pull-in voltage of doubly clamped devices. In the case of singly clamped nanotube devices, the finite kinematics effect is negligible but the effect of charge concentration is quite significant. The numerical results agree with the theoretical predictions, Eqs. ͑10͒ and ͑11͒, for the case of singly and doubly clamped nanotubes. A correction is required to account for tip charge concentration, as described by Eq. ͑10c͒. In summary, Eqs. ͑10͒ and ͑11͒ can be used with confidence in the design of novel NEMS. Moreover, these formulas can be employed to gain insight into the effect of device geometry and architecture. Table 1 Comparison between pull-in voltages evaluated numerically and theoretically " †24,25 ‡… by Eqs. "10… for doubly "D… and singly "C… clamped nanotube devices, respectively, E = 1 TPa, R int = 0. For cantilever nanotube device the symbol "w… denotes that the effect of charge concentration has been included. 
